Resonance dielectric response of excitons is studied for the high-quality GaAs/InGaAs heterostructures with wide asymmetric quantum wells (QWs). To highlight effects of the QW asymmetry, we have grown and studied several heterostructures with nominally square QWs as well as with trianglelike QWs. Several quantum confined exciton states are experimentally observed as narrow exciton resonances with various profiles. A standard approach for the phenomenological analysis of the profiles is generalized by introducing of different phase shifts for the light waves reflected from the QWs at different exciton resonances. Perfect agreement of the phenomenological fit to the experimentally observed exciton spectra for high-quality structures allowed us to obtain reliable parameters of the exciton resonances including the exciton transition energies, the radiative broadenings, and the phase shifts. A direct numerical solution of Schrödinger equation for the heavy-hole excitons in asymmetric QWs is used for microscopic modeling of the exciton resonances. Remarkable agreement with the experiment is achieved when the effect of indium segregation during the heterostructure growth is taken into account. The segregation results in a modification of the potential profile, in particular, in an asymmetry of the nominally square QWs.
I. INTRODUCTION
Excitons in quantum wells (QWs) are extensively studied already for four decades [1] [2] [3] [4] [5] [6] . Theoretical analysis of the excitons typically assumes a simplified model for the QW potential, e.g., square profiles for electrons and holes [5, [7] [8] [9] . Real potential, however, is more complex due to several processes occurring during the growth of heterostructures. In the narrow QWs, the monolayer fluctuations of interfaces give rise to fluctuations of the QW width. These fluctuations result in the step-like changes of the exciton quantization energy experimentally observed as a set of exciton resonances in optical spectra [10] . The diffusion of atoms through the QW interface (segregation) during the growth process gives rise to smoothing and an asymmetry of potential profiles for carriers [11, 12] . The specially designed asymmetric QWs are also extensively studied in view of their interesting properties, e.g., large electron spin-orbit splitting [13, 14] , enhanced optical nonlinearity [15] [16] [17] and coupling with terahertz radiation [18, 19] .
Exciton energy and wave function are sensitive to the potential profile. However the direct experimental observation of effects of the profile peculiarities on the exciton properties is difficult for several reasons. The exciton energy shift relative to the theoretically predicted value may be caused, apart from the modification of potential profile, by uncertainties in the QW width and in the composition of solid solution in the layers within the heterostructure. Various imperfections of the heterostructure like point defects, dislocations, etc., may broaden the exciton ensemble and complicate the study of exciton energies. The exciton wave function determines the exciton-light coupling, in particular, the oscillator strength and the radiative decay rate, which can be studied by reflectance spectroscopy and in the time-resolved experiments [20] [21] [22] . These are the integral characteristics, which are insensitive to peculiarities of potential profile for each particular exciton transition. At the same time, these difficulties can be overcome when several exciton transitions in the same QW are experimentally studied and analyzed.
In this paper we experimentally study and theoretically analyze reflectance spectra of heterostructures with asymmetric InGaAs/GaAs QWs. We demonstrate that the simultaneous analysis of several exciton resonances in the spectra of relatively wide QWs allows one to obtain valuable information about the potential profile for the excitons. We have developed an approach for the direct numerical solution of Schrödinger equation for an exciton in a QW with an arbitrary potential profile. The Coulomb electron-hole interaction in the exciton is exactly included into the numerical approach with no approximations. Calculations of the exciton energies and wave functions allowed us to accurately model reflectance spectra with the use of only two fitting parameters describing the maximal indium content in the QW and the characteristic length of the indium diffusion. Both these parameters cannot be controlled during the growth of heterostructires with the high enough accuracy required for the modeling. The obtained agreement allowed us to reliable model the potential profile for excitons in the heterustructures under study.
The paper has the following structure. First we present experimental details and obtained reflectance spectra. We have experimentally studied reflectance spectra of several InGaAs/GaAs heterostructures grown by the molecular beam epitaxy (MBE). Two of the structures with the smallest inhomogeneous broadening of exciton resonances have been selected for detailed investigation. The first one (S1) contains a nominally square QW of 95-nm width with small indium content of about 2% grown between the GaAs barrier layer. The second structure, S2, is the specially designed asymmetric InGaAs/GaAs QW with one vertical potential wall and other sloping potential wall. In all the structures, effects of the QW asymmetry are found in the comparative study of exciton resonances observed in reflectance spectra. The spectra have been measured using a femtosecond Ti:Sapphire laser or a halogen lamp as a light source. In the latter case, the light was focused onto a 50-µm pin-hole and then refocused onto the sample. The light was directed to the samples at small angle close to the normal incidence. The light spots on the samples were of about 100 µm in both cases. The samples were held in a vacuum chamber of a closed cycle cryostat at T = 4 K. The reflected light was dispersed in a 0.55 m spectrometer with the 1800 grooves/mm grating and detected by a nitrogen cooled CCD-matrix. The spectral resolution was of about 30 µeV. To obtain the absolute value of reflectivity, the reflectance coefficient was carefully measured for a single wavelength nearby an exciton resonance using a beam of a continuous wave Ti:sapphire laser focused at the same spot on the sample.
The reflectance spectra for samples S1 and S2 are shown in Figs. 1 and 2 , respectively. For sample S1, four exciton resonances are clearly seen, two of them as the peaks and two others as the dips. The resonances correspond to optical transitions to the quantum confined excition states in the 95-nm QW. As we discuss in the next section, the different profile of the resonances (peak or dip) is due to the different phase shift in the light wave reflected form the QW at different exciton frequencies.
In the spectrum of sample S2, three similar exciton transitions are clearly seen as the resonances. The profiles of these resonances are more complex and contain valuable information about the phase shifts of light wave in this highly asymmetric QW.
The simplified potential profile for excitons in this QW is shown as an inset in Fig. 2 . The vertical wall of the QW was formed during the growth by rapid opening of the In effusion cell held at T 0 = 754
• C. The sloping wall was formed by slow cooling the cell down to T fin = 669
• C with the constant rate so that the In flux was exponentially decreasing. Correspondingly, the indium concentration has been varied according to a phenomenological formula:
Here T In (z) is the cell temperature in the Celsius scale, which was linearly decreased in time and, correspond- ingly, along the growth axis z, T In (z) = T 0 − az, with rate a = 0.6115 • C/nm. A relatively hight substrate temperature, T = 555
• C, results in the noticeable segregation of In, which further complicates the potential profile. It will be discussed in Sect. IV.
III. PHENOMENOLOGICAL ANALYSIS
A phenomenological model of resonant reflectance related to a single exciton transition in the symmetric QW is well developed [7, 8] . Here we follow the basic theory described in Ref. [5] . The reflectance is determined by the interference of the light waves reflected from the sample surface and the QW layer:
Here r 01 and r QW are the amplitude reflectance coefficients from the sample surface and from the QW, respectively. Phase shift ϕ is determined by the distance from the surface to the QW center:
where L b is the thickness of the top barrier layer, L QW is the thickness of QW layer, ε b is the dielectric constant of the layers, and λ is the light wavelength. An analytical solution of the Maxwell equation for the light interaction with an exciton in a QW gives rise to the following equation for the amplitude reflectance [5] :
with Γ 0 andω 0 defined as:
(6) Here ω 0 is the exciton resonance frequency, Γ 0 is radiative decay rate and Γ is the phenomenologically introduced nonradiative broadening [23] . Function Φ(z) is the amplitude of exciton wave function when the coordinates of an electron and a hole in the exciton coincide. Quantity q is the wave vector of light, ω LT is the 3D-exciton longitudinal-transverse splitting, and a B is the exciton Bohr radius.
Equations (4-6) are applicable for a single exciton transition in a symmetric QW. They should be generalized for our case of multiple exciton transitions in asymmetric QWs. For the quantum-confined exciton states separated by energy distance, ∆E > Γ 0 +Γ , a sum over the exciton resonances should be considered [21, 24] :
An asymmetry of the QW potential requires an additional phase shift φ n in the numerator of Eq. (7) (see Appendix A for details) and a generalization of Eq. (5):
As seen the two exciton-light overlapping integrals appear in the case of asymmetric potential. When the QW potential is symmetric, only one integral containing cos(qz) for exciton states n = 1, 3, . . . or sin(qz) for exciton states n = 2, 4, . . . is non-zero. Phase shift φ n is determined by ratio of the integrals:
As seen this expression also includes both cos (qz) and sin (qz). Phases φ n can be used as a measure of the asymmetry of the potential profile. In the symmetric QW, they all should be zero for exciton states n = 1, 3, . . . and π for states n = 2, 4, . . . However in the experiment they can be determined up to a constant phase shift ϕ defined by Eq. (3). Problem is that the QW thickness L QW cannot be accurately defined for the asymmetric QW. We, therefore, consider phases
which are directly determined from the experimental spectra fitting them by Eqs. (2) and (7). We have fitted several exciton resonances observed in the reflectance spectra of the heterostructures studied. Results are shown in Figs. 1 and 2. Respective fitting parameters are listed in Tabs. I and II. As seen from the figures, the fit by Eqns. (2), and (7) allow us accurately reproduce the spectra for both samples in the spectral range of several excitonic resonances. We did not fit the fourth exciton resonance for the triangle QW (see the spectral peculiarity in the range 1501 -1502 meV in Fig. 2 ) because it is superimposed on the 2s-exciton transition not analyzed in present work. The obtained results support the generalization of the phenomenological model suggested. We also may conclude that the parameters obtained in the fitting are reliably determined.
As seen from Tab. I for the square QW, phasesφ n for states n = 1, 3 are close to each other and small while for states n = 2, 4 they are close to π. This is an indication that the asymmetry of this QW in not large. In the case of the triangular QW (see Tab. II), the phase difference is much larger that clearly shows sensitivity of the phases to the QW asymmetry. The quantitative analysis of the phases will be done in the next section after the microscopic modeling of the exciton states.
IV. MICROSCOPIC MODELING
We consider the problem of an exciton in a QW described by the stationary Schrödinger equation for two particles (electron and hole) with Coulomb interaction. The wave function of the exciton can be expressed in planar heterostructures as: with X and Y as the center-of-mass coordinates in the XY plane, z e and z h as the electron and hole coordinates in the growth direction, respectively. Quantities ρ and ϕ are the polar coordinates of relative electron-hole motion defined in the plane perpendicular to the growth axis. Quantity k ϕ is the z-projection of the exciton angular momentum. We suggest it to be zero for the optically observable exciton states (s-like states). Function ψ(z e , z h , ρ) is the eigenfunction of operator:
Here ε = 12.56 is the dielectric constant for GaAs, f (z) is the QW potential function, V h and V e are the valence and conduction band offsets, respectively, at the point where f (z) = 1. We assume that V e = 2V h for all of the In concentrations considered. To calculate the potential well for excitons we use a phenomenological dependence of the band gap for solid solution In x Ga 1−x As on the indium concentration x [30] :
where E g (GaAs) = 1.519 eV and E g (InAs) = 0.417 eV are the band gaps for GaAs and InAs, respectively. The bottom of potential well for excitons is determined as
The profile of QW potential is determined by function f (z), which will be discussed below. OperatorK in Eq. (12) consists of three terms:
Here ∆ ρ is the Laplacian in polar coordinates for the case k ϕ = 0:
In the GaAs-based heterostructures, the conduction band can be considered as an isotropic one with an effective electron mass m e = 0.0665 m 0 . The valence band is twice degenerate, consists of heavy-hole and lighthole subbands, and is described in terms of the Luttinger Hamiltonian [25] . The effect of quantum confinement breaks the valence band degeneracy, which results in the anisotropic heavy-hole and light-hole masses. The InGaAs/GaAs QWs are also affected by a strain due to the mismatch of lattice constants of InAs and GaAs crystals, which induces the heavy-hole-light-hole splitting up to 10 meV for the 2% In concentration in the QWs [26] . This splitting effectively reduces the heavy-hole-light-hole interaction, therefore we can introduce the heavy hole masses in growth direction and in xy-plane, respectively: m z h = m 0 /(γ 1 − 2γ 2 ) and m xy h = m 0 /(γ 1 + γ 2 ). The reduced exciton mass in xy-plane µ xy = m xy h m e /(m xy h + m e ). Due to the low indium concentration, we use the GaAs Luttinger parameters suggested by Vurgaftman et al. [30] : γ 1 = 6.95, γ 2 = 2.06.
The QW potential profile defined by f (z) function is known to be significantly modified by the segregation effect in the InGaAs/GaAs QWs [12, [27] [28] [29] . The indium atoms are more mobile during the growth process as compared to the gallium atoms. This results in a diffusion of the indium atoms from lower layers of growing structure to the higher ones. Related modification of the QW potential can be phenomenologically well described using only a single parameter, λ D [12] . This parameter is the indium diffusion length, which characterizes the exponentially decaying indium concentration after deposition of the δ-layer of In: x(z) = x(0) exp(−z/λ D ). It depends on the growth conditions, in particular, on the substrate temperature and varies in the range λ D = 1.5 . . . 4.5 nm for temperatures T = 500 . . . 550
• C. We use this parameter as the free one in the modeling of exciton spectra.
In the framework of the phenomenological model, the segregation process can be described by a simple rate equation for In concentration, x(z), as a function of coordinate z along the growth direction: Here F In (z) is the In flux with taking into account the sticking coefficient. The flux is varied during the growth process in a general case. The general solution of Eq. (17) is:
Here z 0 is the coordinate where the indium containing layers start to grow. In the particular case of square QW, the indium flux
In within the QW and zero outside it. The integration in Eq. (18) gives rise to solution:
Here L QW is the nominal QW width. This solution coincides with that presented in Ref. [12] . The potential function f (z) [see Eq. (12)] is expressed via x(z):
where x max is the In concentration in the bottom of potential well. The potential profile for excitons in square QW under study modeled by this way is shown in Fig. 3 . Using the segregated function f (z), we find several lowest eigenstates of the eigenproblem with operator (12) . We represent the operator as a matrix composed according to the 3-point finite difference representation of differential operators. Computation area is 200×200×400 nm with 70 × 70 × 200 points along the z e , z h , and ρ coordinates, respectively. An Arnoldi algorithm realization in the ARPACK library was used to obtain the eigenstates. Further technical details of the numerical calculations can be found in Ref. [31] . For the square QW potential smoothed by the segregation, we varied the depth of the QW potential, V = V e + V h , see Eq. (12) , and the In diffusion length λ D to obtain the best correspondence of calculated energies of the quantum confined states with those found experimentally. We should note that the variation of parameter V mainly gives rise to the common energy shift of exciton levels with small change of energy gaps between them. This is due to the relatively deep potential well, V ≈ 26 meV, relative to the energy range for exciton states under study, see Fig. 3 . For the sake of graphical presentation we shifted the QW potentials in Figs. 3  and 4 down by the 4.2 meV value (the bulk exciton binding energy).
The energy difference between the neighboring exciton levels, ∆E nn = ω n − ω n , in particular, the difference ∆E 12 , is very sensitive to parameter λ D , because of sensitivity of curvature of the potential near the bottom, see Fig. 3 . When one neglects the segregation, the energy difference ∆E 12 = 0.41 meV that is noticeable smaller than the difference of 0.51 meV obtained from the experiment (see Tab. I). These properties of exciton spectrum allow one to obtain parameters V and λ D independently.
The calculated energies are shown in figure 3 and also present in Tab. I. As seen, the calculated and measured energies coincide with the accuracy in several tens of µeV. We would like to stress that this correspondence has been achieved by the variation of only two fitting parameters.
The figure also shows functions Φ n (z) obtained in the numerical computations. They are shifted vertically according to the calculated energies. We should note one more effect of segregation, namely, the stronger penetration of functions Φ n (z) to the left barrier compared to the right one.
The obtained functions Φ n (z) allowed us to calculate radiative broadenings, Γ 0n , using Eq. (8) . They are compared with the experimentally obtained data in table I. As seen the calculated radiative broadenings are in good agreement with the experimental data.
Phases φ n have been calculated by the use of Eqs. (9) . A constant phase ϕ has been added to phases φ n to take into account the phase shift during propagation of light wave from the sample surface to the QW and back, see Eq. (3). We have chosen phase ϕ so that phaseφ 1 is equal to the experimentally obtained value. The calculated phases are close to those obtained from the experiment for all four resonances in this structure. There is some discrepancy with the phase for the fourth resonance obtained from the experiment. The possible reason for that is a complexity of experimental spectrum in the range of this resonance, which can be superimposed on the transition to the 2s exciton state originated from the lowest quantum confined exciton state.
The calculated parameters Γ 0n and φ n have been used to simulate, exploiting Eq. Similar microscopic modeling has been done for sample S2 with the triangle-like QW. Segregation model in this case can be easily calculated using general solution (18) . The obtained potential profile is shown in Fig. 5 . This figure also demonstrate the calculated energies as well as functions Φ n (z) for the quantum-confined excitonic states experimentally studied. The discrepancy of the calculated energies with the measured ones is also negligibly small (see Tab. II) that indicates that the potential profile of the QW is correctly modeled. The microscopic modeling also allowed us to calculate the radiative broadenings and phase shifts for the exciton transitions. They are compared with the experiment in table II. As seen good agreement is observed for the data.
Using the calculated quantities, we have simulated the reflectance spectrum for this sample. It is shown in Fig. 6 . Good correspondence of the calculated and experimental spectra is observed that supports the proposed model of potential profile. 
V. CONCLUSION
We have experimentally studied and theoretically modeled several exciton resonances in reflectance spectra of three samples with asymmetric InGaAs/GaAs QWs. The first sample (S1) contains a nominally symmetric square QW of 95-nm width. The segregation of indium during the MBE growth of the structure results in an asymmetry of the QW potential profile. This asymmetry reveals itself in a change of energy gaps between the neighboring quantum-confined excitonc levels. No valuable change of phases is observed for this sample.
The study of sample with the triangle-like QW (S2) show that both the energy position of exciton resonances and their phases are very sensitive to the potential profile. This sensitivity allows one to reliably model the potential profile exploiting only a few free parameters. The important parameters are the indium content at the bottom of QWs, x max , and the segregation diffusion length, λ D . The analysis performed shows that the exciton resonances are highly sensitive to these parameters so that the accuracy of their determination by other methods are not sufficient for the theoretical modeling of the potential well.
The simulated reflectance spectra are in the good agreement with the experimentally observed ones. This means that all the valuable processes are included in the modeling. In fact, the key process in the structures studied is the exciton-light coupling determining radiative broadening of exciton resonances, Γ 0n , and the phase shifts, φ n , of light wave during the reflection from the QW. The nonradiative broadening, Γ n , cannot be modeled in the framework of the proposed approach. However, the relatively small difference of their values for different exciton states and a slow monotonic rise with number of the exciton state indicates that most probable origin of the broadening is the exciton-phonon scattering. Further studies are needed to model this process.
We also generalized the phenomenological model for description of multiple exciton resonances in the spectra of QWs with arbitrary potential profile. This generalization has been verified by the analysis of the reflectance spectra and allowed us to perfectly fit the spectra and to obtain reliable values all the quantities describing the resonances.
Finally we should stress that the study of several exciton resonances allows one to reliably determine the potential profile of the QW localizing the excitons. Both the exciton energies and the light phases contain valuable information about the profile.
